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1. INTRODUCTION 
Integrodifferential equations play an important role in characterizing many social, physical, bi- 
ological, and engineering problems. For example, Volterra [l] was investigating the population 
growth, focusing his study on the hereditary influences, and several authors. (see [2-41) discussed 
the integrodifferential modeled integral equations in the field of heat transfer and diffusion pro- 
cess in general neutron diffusion. Generally, several systems are mostly related to uncertainty 
and unexactness. The problem of unexactness is considered in general exact science, and that 
of uncertainty is considered as vagueness or fuzzy and accident. For fuzzy concepts, recently, 
the authors [5-71 establi+ed. respectively, the fixed-point theorem for fuzzy symmetric spaces, 
the theory of metric space of fuzzy sets and fuzzy Volterra integral equations. In particular, 
Kloeden [8] studied the fuzzy dynamic system, and Kaleva [9] researched the fuzzy differential 
equations and Cauchy problem. 
Seikkala [lo] proved the existence and uniqueness of the fuzzy solution for the following systems: 
z’(t) = f(t, x(t)), 
x(O) = 20, 
where f is a continuous mapping from R+ x R into R and x0 is a fuzzy number. 
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This paper is to investigate the existence and uniqueness of the fuzzy solution for the following 
nonlinear fuzzy integrodifferential equations: 
z’(t) = a(t)x(t) + 
J 
t 
k(t, s, 4s)) ds + f(t, z(t)), TV J=[O,T], 
0 
z(O) = 20, Xo EEN, 
where a : J + EN is fuzzy coefficient, EN is the set of all upper semicontinuous convex normal 
fuzzy numbers with bounded a-level intervals, k : J x J x EN -+ EN, and f : J x EN + EN are 
nonlinear continuous functions. 
2. PRELIMINARJES 
A fuzzy subset of R” is defined in terms of a membership function which assigns to each point 
x E Rn a grade of membership in the fuzzy set. Such a membership function is denoted by 
u : R” + [0, 11. 
Throughout this paper, we assume that u maps R” onto [OJ], [u]’ is a bounded subset of R”, 
u is upper semicontinuous, and u is fuzzy convex. 
We denote by En the space of all fuzzy subsets u of R” which are normal, fuzzy convex, and 
upper semicontinuous fuzzy sets with bounded supports. In particular, E’ denotes the space of 
all fuzzy subsets u of R. 
A fuzzy number a in real line R is a fuzzy set characterized by a membership function pa as 
Pu, * . R-+ [O,l]. 
A fuzzy number a is expressed as 
with the understanding that pa(x) E [0, l] represents the grade of membership of x in a and J 
denotes the union of pa(x)/x. 
DEFINITION 2.1. A fuzzy number a in R is said to be convex if for any real numbers x, y, z in R 
with 2 5 y 5 z, 
P,(Y) 2 minG444~44~. 
DEFINITION 2.2. The height of a fuzzy set is the largest membership value attained by any point. 
DEFINITION 2.3. If the height of a fuzzy set equals one, then the fuzzy set is called a normal 
fuzzy set. 
Thus, a fuzzy number a in R is called normal if the following holds: 
mZap,(x) = 1. 
RESULT 1. Let EN be the set of all upper semicontinuous convex normal fuzzy numbers with 
bounded o-level intervals (see [ll]). This means that if a E EN, then the a-level set 
[alQ = {x E R : a(x) 2 cq 0 < (Y 5 1) 
is a closed bounded interval which we denote by 
W = [a,*,aF] 
and there exists a to E R such that a(to) = 1. 
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RESULT 2. Two fuzzy numbers a and b are called equal a = b, if pa(x) = pb(x) for all x E R. It 
follows that 
a = b % [ala = [b]a, for all (Y E (0, 11. 
RESULT 3. A fuzzy number a may be decomposed into its level sets through the resolution 
identity 
s 
1 
a= a[ala, 
0 
where cr[@ is the product of a scalar (Y with the set [ala and s is the union of [ala with cx ranging 
from 0 to 1. 
DEFINITION 2.4. The support of a fuzzy set A in the universal set U is a crisp set that contains 
all the elements of U that have nonzero membership values in A, that is, 
supp (A) = {x E U : pa(x) > 0)) 
where supp (A) d enotes the support of fuzzy set A. Hence, the support Ia of a fuzzy number a 
is defined, as a special case of level set, by the following: 
[a= {x : Pa(z) > 01. 
DEFINITION 2.5. A fuzzy number a in R is said to be positive if 0 < al < a2 holds for the 
support ra= [al, a~] of a, that is, ra is in the positive real line. Similarly, a is called negative if 
al < a2 < 0 and zero if al IO I a2. 
LEMMA 2.1. (See [lOI.) If a, b E EN, then for Q E (0, 11, 
[a+b]O = [a,a+b;,a;+b,“], 
[~.b]~ = [min {a:!$} , max { aFbj*}] , (6.i = %T), 
[u-b]a = [CL,* -b,“,g! -b,“]. 
LEMMA 2.2. (See [lo].) L t [ e a,Q, a:], 0 < CY 5 1, be a given family of nonempty intervals. If 
[at,af] C [~;,a:], forO<aI/3, (2.1) 
and 
(2.2) 
whenever (cyk) is nondecreasing sequence converging to (Y E (0, 11, then the family [at,@], 0 < 
a: 2 1, are the a-level sets of a fuzzy number a E EN. 
Let x be a point in R” and A be a nonempty subset of Rn. We define the distance d(x, A) 
from x to A by 
d(x, A) = inf {/Ix - all : a E A}. (2.3) 
Now let A and B be nonempty subsets of R *. We define the Hausdorff separation of B from A 
by 
dk(B, A) = sup{d(b, A) : b E B}. 
In general, dk(A, B) # dk(B, A). 
(2.4) 
TIye define the Hausdorff distance between nonempty subsets of A and B of Rn by 
&(A, B) = ma {&(A, B), d;l(B, 4). (2.5) 
This is now symmetric in A and B. Consequently, 
(1) dH(A, B) 2 0 with dH(A, B) = 0 if and only if z= i?, 
(2) &(A, B) = d&B, -4, 
(3) &(A, B) I dx(A, C) + d&C, B), 
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for any nonempty subsets of A, B, and C of R” . The Hausdorff distance (2.5) is a metric, the 
Hausdorff metric. 
The supremum metric d, on En is defined by 
for all U, v E En, and is obviously metric on En. 
The supremum metric Hr on C(J : E”) is defined by 
Hl(X,Y) = suP{&O(4$Y(t)) :t E 49 (2.7) 
for all z,y E C(J : En). 
” 
3. FUZZY INTEGRODIFFERENTIAL EQUATIONS 
In this section, we consider the existence and uniqueness of the fuzzy solution for nonlinear 
fuzzy integrodifferential equations 
J 
t 
x’(t) = a(t)x(t) + k(t, s, x(s)) ds + f(t, x(t)>, t E J, 
0 
x(O) = 20, 
(3.1) 
with fuzzy coefficient a : J ---) EN, initial value x0 E EN, inhomogeneous terms f : J x EN -+ EN, 
and .k : J x J x EN --+ EN are continuous and satisfy a global Lipschitz condition, i.e., there 
exists a finite constant ~1 > 0 such that 
dH ([f (s,&(s>)]“, [f (s,G’(s))l~) 5 711&f ([h(s)]* T [52(41*) 
and 
dH ([k (4 s&(s))]“, [k (4 s,G(s))1”) I WdH ([&(s)lQ 7 kz(41”) 
for all &(S),t2(S) E EN. 
Let I be a real interval. A mapping x : I -+ EN is called a fuzzy process. We denote 
k4w = [xc,*(t)7 xc,*(t)] 7 -bEI, O<ct!ll. 
The derivative x’(t) E EN of a fuzzy process z, then 
wr = [(x;)’ ct>, (x3’ (t)] , 0 < a 5 1. 
The fuzzy integral 
J 
b 
x(t) & a,bE I 
a 
is defined by Jf[x(t) dtlQ = [c x:(t) dt, li x:(t) dt] p rovided that the Lebesgue integrals on the 
right exist. 
THEOREM 3.1. Let T > 0, f and k satisfy a global Lipschitz condition, for every 20 E EN, then 
the fuzzy integrodifferential equation has a unique solution x E C(J : EN). 
PROOF. For each E(t) E EN, t E J. Define 
(GoE)(t) = S(t)xo + Jot+s) (~‘k(s,~,~(r))d~) ds+/dtS(t-s)f(s,~(S))ds, 
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where S(t) is a fuzzy number and 
and SF(t) (i = q, T) is continuous. That is, there exists a constant 712 > 0 such 
for all t E J. Thus, G& : J + EN is continuous, and Go : C(J : EN) + 
Jlrt2 E C(J : EN) 
that IS?(t)l 5 712 
C(J : EN). For 
460 P. BALASUBFLAMANIAM ND S. MUFLALISANKAR 
) ] KjYv,C2(W~ +f,*(s,J2(4) 
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I 
t 
I7?2 o M'dd151(s)la, [~2(~)Y=")ds+772 
I 
twb(M41~, Kz(s)l">ds 
0 
I wrlz@- + 1) I ot dd&(s)la, [Ez(s>l*) ds 
I 71772 0t dd[J~(s)la, Ms)la) ds, I where r] = qr(T + 1). 
Therefore, 
I 
1 
I (77112) SUP dd[Cd41Q, [52(s)l*) ds 
0 c&(0,1] 
= (7l7772) s’ d&h(s), <z(s)) ds. 
0 
Hence, 
Hl(GoG,G052) = ;~~drnWoEW (GoCz)(t)) 
I (~2) ~:p I o1 &J&(s), b(s)) ds I (v?z)T~1(51,b). 
We take sufficiently small T, (7773211) < 1. Hence, Go is a contraction mapping. By the Banach 
fixed-point theorem, fuzzy integrodifferential equation has a unique fixed point z E C(J : EN). 
EXAMPLE 3.1. Consider the fuzzy solution of the nonlinear fuzzy integrodifferential equations 
5’ = 2x + fix(t)2 + 2tt22, t E J, 
S(O) = 2 E EN. 
The a-level set of fuzzy number 2 is 
[2]* = [cr + 1,3 - o!], for all cr E [0, 11. 
Let J’, k(t, s, z(s)) ds = 2kc(t)‘, f(t, z(t)) = 2h(t)‘, and r]z = 3T[]z;(t) + y;(t)]] > 0. 
Then the o-level set of s,” Ic(t, s, z(s)) ds is 
[I 
t k(t, s,~s)) ds1 Q = [2tt,(t)2]” 0
= t [2]” [z(t)“]” 
= t Ia: + 173 - 4 [(qt,)” 9 cew2] 
= t [(a + 1) (qt,)‘1(3 -o) (zxt))2] , 
where [s(t)la = [x~(t),$T(t)] and [2]* = [o + 1,3 - a] for all (I: E [0, l] and the o-level set of 
f(t, z(t)) is 
[f(& 4t))la = [~4t)2]u 
= t[2]* [x(t)“]* 
= tb + 173 - 4 [(z;(t))“, (5w2] 
= t [(a + 1) (qt,)’ 7 (3 - o) (z;(t))2] 7 
where [x(t)la = [z:(t),@(t)] and [21” = [o + 1,3 - a], for all (Y E [O,l]. 
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[s t a W, s, 4s)) ds 1 + MC 4t))la = t [ ( a + 1) ($@I)’ 7 (3 - aY) Mw2] 
+t [c: + 1) (x;(t))‘, (3 - cy) (z,“(t))2] = 2t [(cx + 1) (z,"(t))' )(3 - a> (z,"(t)y] . 
Therefore, 
dH 
t 
k(t, s,4s)) ds 
1 
a + if@, +))la ) ([J 7 t W, s, y(s)) ds = + [f(t, y(t))]” 0 1 
= dH (at [(a + 1) (z,“(t))“, (3 - a> ($(t))‘] ,2t [(a + 1) (Y;(t))’ 7 (3 - a) (Y,“(t))2]) 
= 2tn-m { (a + 1) I(xt(t))2 - (Yt(t))‘I T (3 - QY) l(zF(t))2 - (YF(t)12/} 
5573 -(r>m={/zr(t> -Y,*(t)1 Ids +Y,*(t)l ,IC?t) -YZt)l 1$(t) +Y,“(t)l} 
L 3T I43t) + y,a(t)l mm { 128(t) - &WI 7 K(t) - YTa(t)l) 
= m&t (ti(t>l*, [Y(t)]?. 
Since f and k satisfy a global Lipschitz condition, from Theorem 3.1, the fuzzy integrodiffer- 
ential equation has a unique fuzzy solution. 
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